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Abstract: A signed graph is an ordered pair © = (G,o), where G = (V, E) is the under- 
lying graph of © and a0: E — {+1, —1}, called signing function from the edge set E(G) of 
G into the set {+1,—1}. It is said to be homogeneous if its edges are all positive or nega- 
tive otherwise it is heterogeneous. Signed graph is balanced if all of its cycles are balanced 
otherwise unbalanced. It is said to be net-regular of degree k if all its vertices have same 
net-degree k ie. k = d§(v) = d§(v) — ds(v), where d$(v)(d5(v)) is the number of posi- 


tive(negative) edges incident with a vertex v. In this paper, we obtained the characterization 


of net-regular signed graphs and also established the spectrum for one class of heterogeneous 


unbalanced net-regular signed complete graphs. 
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§1. Introduction 


We consider graph G is a simple undirected graph without loops and multiple edges with n 
vertices and m edges. A Smarandachely k-signed graph is defined as an ordered pair © = (G,o), 
where G = (V, —) is an underlying graph of © ando: E > {@,@,@3,--- ,é%} is a function, 
where @ € {+,—}. A Smarandachely 2-signed graph is known as signed graph. It is said to be 
homogeneous if its edges are all positive or negative otherwise it is heterogeneous. We denote 
positive and negative homogeneous signed graphs as +G and —G respectively. 


The adjacency matrix of a signed graph is the square matrix A(X) = (a;;) where (i,j) 


entry is +1 if o(u,v;) = +1 and —1 if o(v;v;) = —1, 0 otherwise. The characteristic polynomial 
of the signed graph © is defined as ®(H : A) = det(AI — A(X)), where J is an identity matrix 
of order n. The roots of the characteristic equation ®(% : X) = 0, denoted by Aq, A2,+++ An 


are called the eigenvalues of signed graph b. If the distinct eigenvalues of A(X) are 1 > 


Ag > +++ > Xp and their multiplicities are m1, me2,...,7m%n, then the spectrum of } is Sp(X) = 
Ove yma) tial Ney 
1 9 OND ’ 9 on ‘3 


Two signed graphs are cospectral if they have the same spectrum. The spectral criterion 
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for balance in signed graph is given by B.D.Acharya as follows: 


Theorem 1.1({1]) A signed graph is balanced if and only if it is cospectral with the underlying 
graph. i.e. Sp(XS) = Sp(G). 


The sign of a cycle in a signed graph is the product of the signs of its edges. Thus a cycle 
is positive if and only if it contains an even number of negative edges. A signed graph is said 
to be balanced (or cycle balanced) if all of its cycles are positive otherwise unbalanced. The 
negation of a signed graph © = (G,o), denoted by n(X) = (G,o) is the same graph with all 
signs reversed. The adjacency matrices are related by A(—X) = —A(X). 


Theorem 1.2((12]) Two signed graphs 1 = (G,o1) and Xp = (G,o2) on the same underlying 
graph are switching equivalent if and only if they are cycle isomorphic. 


In signed graph 5, the degree of a vertex v is defined as sdeg(v) = d(v) = d§(v) + d5(v), 
where d$(v)(ds(v)) is the number of positive(negative) edges incident with v. The net degree 


of a vertex v of a signed graph © is ds(v) = d$(v) —ds(v). It is said to be net-regular of degree 


k; if all its vertices have same net-degree equal to k. Hence net-regularity of a signed graph can 
be either positive, negative or zero. We denote net-regular signed graphs as U*. We know [13] 
that if 4 is a & net-regular signed graph, then & is an eigenvalue of © with j as an eigenvector 
with all 1’s. 

K.S.Hameed and K.A.Germina [6] defined co-regularity pair of signed graphs as follows: 


Definition 1.3({6]) A signed graph © = (G,c) is said to be co-regular, if the underlying graph 
G is regular for some positive integer r and & is net-regular with net-degree k for some integer 


k and the co-regularity pair is an ordered pair of (r,k). 


The following results give the spectra of signed paths and signed cycles respectively. 


Lemma 1.4([3]) The signed paths PO, where r is the number of negative edges andO<r< 
n—1, have the eigenvalues(independent of r) given by 


Ay = 2eos FF, j = 1,2,--- 4m. 


Lemma 1.5([9]) The eigenvalues A; of signed cycles of) and0<r<n are given by 


(29 — [r])m 


Aj = 2cos 
where r is the number of negative edges and [r] = 0 if r is even, [r] = 1 ifr ts odd. 


Spectra of graphs is well documented in [2] and signed graphs is discussed in [3, 4, 5, 9]. 
For standard terminology and notations in graph theory we follow D.B.West [10] and for signed 
graphs T. Zaslavsky [14]. 

The main aim of this paper is to characterize net-regular signed graphs and also to prove 
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that there exists a net-regular signed graph on every regular graph but the converse does 
not hold good. Further, we construct a family of connected net-regular signed graphs whose 
underlying graphs are not regular. We established the spectrum for one class of heterogeneous 


unbalanced net-regular signed complete graphs. 


§2. Main Results 


Spectral properties of regular graphs are well known in graph theory. 


Theorem 2.1([2]) If G is anr regular graph, then its maximum adjacency eigenvalue is equal 


2m 


tor andr = ; 
n 


Here we generalize Theorem 2.1 to signed graphs as graph is considered as one case in 
signed graph theory. We denote total number of positive and negative edges of © as mt and 


m~— respectively. The following lemma gives the structural characterization of signed graph 
so that & is net-regular. 


Lemma 2.2 If © = (G,c) is a connected net-regular signed graph with net degree k then 
k= 2M where M = (mt —m7), mt* is the total number of positive edges and m~ is the total 


number of negative edges in d. 


Proof Let © = (G,o) be a net-regular signed graph with net degree k. Then by definition, 
d=(v) = d$(v) — dS (v). Hence, 


> 45 (e) = Dade) — Dds (0). 


Thus, 


Whence, 


lI 
=. 3 
ie 
3 

+ 

| 

= 
es 
lI 

i) 
E 


Corollary 2.3 If = (G,o) is a signed graph with co-regularity pair (r,k) then r > k. 


Proof Let & be a k net-regular signed graph then by Lemma 2.2, k = 2M where M = 
—m-). Since G is its underlying graph with regularity r on n vertices then r = 2 ,where 


n 9 
+ 


m=mt+m-. It is clear that 7 > 2mm) Hence r > k. 


(m* 


Remark 2.4 By Corollary 2.3, if © = (G,o) is a signed graph with co-regularity pair (r,k) on 
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n vertices then —r <k <r. 


Now the question arises whether all regular graphs can be net-regular and vice-versa. From 
Lemma 2.2, it is evident that at least two net-regular signed graphs exist on every regular graph 
when m+ = 0 or m~ =0. We feel the converse also holds good. But contrary to the intuition, 
the answer is negative. Next result proves that underlying graph of all net-regular signed graphs 
need not be regular. 


Theorem 2.5 Let } be a net-regular signed graph then its underlying graph is not necessarily 


a regular graph. 


Proof Let & be a net-regular signed graph with net degree k. Then by Lemma 2.2, 


k= sonra), By changing negative edges into positive edges we get k = * where 
m=mt+m-. Ifk= 2mm is a positive integer then underlying graph is of order k = r. If 


k= 2m is not a positive integer then k 4 r. Hence the underlying graph of a net-regular signed 


graph need not be a regular graph. 


Shahul Hameed et.al. [7] gave an example of a connected signed graph on n = 5 whose 
underlying is not a regular graph. Here we construct an infinite family of net-regular signed 
graphs whose underlying graphs are not regular. 


Example 2.6 Here is an infinite family of net-regular signed graphs with the property that 
whose underlying graphs are not regular. Take two copies of C’,, join at one vertex and assign 
positive and negative signs so that degree of the vertex common to both cycles will have net 
degree 0 and also assign positive and negative signs to other edges in order to get net-degree 0. 


The resultant signed graph is a net-regular signed graph with net-degree 0 whose underlying 


(0) 
(2n—1) 


and 3. In chemistry, underlying graphs of these signed graphs are known as spiro compounds. 


graph is not regular. We denote it as © for each C,, and illustration is shown in Fig.1, 2 


In the following figures, solid lines represent positive edges and dotted lines represent 
negative edges respectively. 


Fig.1 Net-regular signed graph D2 for C3 
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Fig.2 Net-regular signed graph ©? for C4 


\ 
\ 
\ 
\ 


Fig.3 Net-regular signed graph ©} for Cs 


From Figures 1, 2 and 3, we can see that =? is a bipartite signed graph, but U2 and D3 
are non-bipartite signed graphs. The spectrum of these net -regular signed graphs are 


Sp(X2)= {+2.2361, +1, 0}, 
Sp(=2)= {+2.4495, +1.4142, (0)°}, 
Sp(X3)={+2.3028, +1.6180, +1.3028, +0.6180, 0}. 


0) 
2n—1) 
property i.e. spectrum is symmetric about the origin and also these are non-bipartite when 


Remark 2.7 Spectrum of this family of connected signed graphs x satisfy the pairing 


cycle C,, is odd. 


Heterogeneous signed complete graphs which are cycle isomorphic to the underlying graph 
+K,, will have the spectrum {(n — 1),(—1)("-)} and which are cycle isomorphic to —Ky, 
will have the spectrum {(1— 7), (1)~)}. Here we established the spectrum for one class of 


heterogeneous unbalanced net-regular signed complete graphs. 


Let C, be a cycle on n vertices and C,, be its complement where n > 4. Define o : 
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E(Kn) ora {ly by 
1, ifeECy 


o(e) = ee 
-1, ifeeC, 


Then © = (Ky, ¢) is an unbalanced net-regular signed complete graph and we denote it as K"**! 
where n > 4. 


The following spectrum for kK” is given by the author in [10]. 


Lemma 2.8({10]) Let K”*' be a heterogeneous unbalanced net-regular signed complete graph 
then 
5—n 14+4cos(24 
Spl ke) Cr) eae eee 
1 1 


where (5 —n) gives the net-regularity of K?. 


Lemma 2.9 w” +w"~" = 2cos 221 forl<j<nand1<r<n, where w is the n'” root of 
7 Jj 


unity. 


Proof Letl<j<nandi<r<n. 


_ Qrnig ~.  —Qrrig Qrnig —2Qrnrig 
Ww" +” Te ee re ane + E27 @ = Sera eam. 
2rmj. , rm 2rmj. , arm 
= cos + 2sIn —— + Cos —7sIn 
n n n 
2rm7 
= 2cos ‘ 


By using the properties of the permutation matrix [8] and from Lemma 2.9, we give a new 
spectrum for kt. 


Theorem 2.10 Let K"* be a heterogeneous signed complete graph as defined above. If n is 
odd then 


Sp(Kn*) = (2om 2 — 20 :1<j<n} 
and if n is even then 
22 
27 arm 
S w(Kn*) = (2008 — cos nj — J 2008” ms :1<j <n}. 
r=2 


Proof Label the vertices of a circulant graph as 0,1,---,(m— 1). Then the adjacency 
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matrix A is 


0 Cy C2 ttt Cp 
Cn—1 0 Sen Ce 
A= Cn—-2 Cn-1 0 Cn-3 ; 
C1 C2 C3 0 


where ¢; = Cn_; = 0 if vertices i and n —7 are not adjacent and c; = cyn_; = 1 if vertices 7 and 


n — 1% are adjacent. 


Hence 
A = cP! + cP? +-+-+¢,_-1P""1 
n-1 
= dioP", 
r=1 


where P is a permutation matrix. 


Let Kk” be the heterogeneous signed complete graph and A(K”*) be its adjacency matrix. 


A(K") is a circulant matrix with first row [0,1,—1,—-1,--- ,—1,1]. Here cy = 1,c2 = —1,¢3 


—1,-++ ,Cn-1 =1. Hence A(K"**) can be written as a linear combination of permutation matrix 
P. A(Kret) = pl — p? — p3...— pr-2 4 prt, 


Case 1. If 7 is odd then 


A(R) = {(P! + P"-}) — (P? + Pt?) —...-(P*t + P*H)} 


and w € Sp(P). Hence 


Sp(Knt) = {(wl+u"))- Ww? +0") —--- WF +0" )} 
Inj 2(252)mj 
= {200s 221 —... — eos EI} 
n n 
mod 
wet 274 = 2rm7 . 
Sp( KP) = 2cos—= — S © 2cos :l<j<n 
i Fs n 
Case 2. If n is even then 
A(KRt) = {(P) + P*-}) — (P? + Pt?) —...— (P*=* + Pp“) — (P#)} 
and w € Sp(P). Hence 
Sp(KR) = {wt +a!) — W? +w") — wt + WF) — w8)} 
2 QA(2 
= {200s es — 2cos (sate (3)r) isisn} 
nm 
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So os 
Het 274 . w 2rm7 : 
Sp( kp) = 2cos —= — cosmj — } | 2cos = :l<j<n 
r=2 
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